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Notation

For a specific country, we have C birth cohorts of interest (c = 1 . . .C )
over A reproductive ages (a = 1 . . .A).

θca ∈ R, the true fertility rate for cohort c between exact ages a and
a + 1;

θc = (θc1 . . . θcA)> ∈ RA, the fertility schedule for cohort c ;

θa = (θ1a . . . θCa)> ∈ RC , the time series of rates at age a;

θ =
(
θ>1 . . . θ

>
C

)> ∈ RCA, the vector of all rates, sorted by age
within cohort;
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General Idea
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General Idea

Notation

1. y ∈ Rn, a vector of published data for some subset of θ;
2. V ∈ Rn×CA, a matrix of ones and zeroes such that Vθ ∈ Rn is the
subset of parameters corresponding to y .

Assume our historical data y generated from the normal distribution:

y | θ ∼ Nn (V θ,Ψ)

where Ψ = diagi=1...n [yi (1− yi ) /Wi ] and Wi is the number of a-year-old
women in the (c , a) cell corresponding to the i-th rate.
Hence, we can based on the distribution, give out the log-liklihood
function:

ln L(y | θ) = const − 1

2
(y − Vθ)>Ψ−1(y − Vθ)
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General Idea

Notation

1. y ∈ Rn, a vector of published data for some subset of θ;
2. V ∈ Rn×CA, a matrix of ones and zeroes such that Vθ ∈ Rn is the
subset of parameters corresponding to y .

According to the Lexis surface, we know that θ is not complete, so we still
need a priori information for our θ:

θ ∼ NCA

(
0,K−1

)
Therefore if we combine the prior information with log-liklihood together,
we can get the expression for posterior for our θ in a Bayesian framework:

lnP(θ | y) = const + ln L(y | θ) + ln f (θ) (1)

= const− 1

2
(y − Vθ)>Ψ−1(y − Vθ)− 1

2
θ>Kθ (2)
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General Idea

Recall

Posterior: lnP(θ | y) = const− 1
2(y − Vθ)>Ψ−1(y − Vθ)− 1

2θ
>Kθ

As we can tell from the above formula, the most important thing is the
covariance matrix K . This part is aggregated by two different penalty
terms, Shape penalty and Time penalty. We will explain these two
specially-designed terms in the next two sections in detail.
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SVD

In the real case, we can set the number of ages and cohorts of interest as
A = 30 ages (15, · · · , 44) and C = 40 cohorts (1956, · · · , 1995). In this
way, for a specific country, we can define the historical array Φ.

To extract its rough pattern of previous data, we apply Singular Value
Decomposition (SVD) on Φ, and choose the first three principle
components, denote them as X ∈ R30×3.
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Projection matrix

Notation

1. θc = (θc1 . . . θcA)> ∈ RA, the fertility schedule for cohort c

To see to what extent our real rates θc could be explained by the first
three principle components, we can do the projection on it:

θc = X
(

X>X
)−1

X>θc + εc

After projetion, we only need εc to measure to what degree the cohort
matches with our historical pattern. Note that redisual vector εc is:

εc =

[
IA − X

(
X>X

)−1
X>
]
θc = Mθc
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Construct Shape penalty

Recall

1. εc =
[
IA − X

(
X>X

)−1
X>
]
θc = Mθc

To further quantify ’small’ of residual vector, we consider calculating their
average outer product :

Ω =
1

s

∑
s

εsε
>
s

Then, these historical data allow us to establish a scalar penalty for the
“badness” of each cohort schedule’s shape:

πc = ε>c Ω
†
εc

= θ>c

[
MΩ

†
M
]
θc

= θ>
[
G>c MΩ

†
MGc

]
θ

= θ>Kcθ,
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Results

An important feature of this πc is that it’s improper;
By construction, the empirical average of πc across the historical
cohort schedules in Φ equals 27;
The shape penalty term will give penalty on those ones which don’t
share similar trend of historic data, but will not be too heavy;
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Freeze rate

The freeze-rate method assumes that the most likely future value for the
fertility rate at age a is simply the last observed rate at that age. It
suggests that

θa,c+1 ≈ θa,c
which can be expressed in the numerical way, note that at each age on the
Lexis surface, we define a vector of 30 freeze-rate residuals for cohorts
1966–1995:

ua =

 θa,1966 − θa,1965
...

θa,1995 − θa,1994



=


0 · · · −1 1 0 · · · 0
0 · · · 0 −1 1 . . . 0
...

. . .
...

...
. . .

. . .
...

0 · · · 0 0 · · · −1 1

 θa
= WRθa = WRHaθ
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Freeze slope

Similarly, the freeze-slope method assumes that trends, measured as fitted
slopes over some recent period, will continue into the future. It suggests
that

θa,c+1 ≈ θa,c + ∆̂c

which can be expressed in the numerical way:

va =


θa,1966 −

(
θa,1965 + ∆̂1965

)
...

θa,1995 −
(
θa,1994 + ∆̂1994

)
 = WSθa = WSHaθ

where under this context, ∆̂ could be expressed by:

∆̂c =
1

30
(10θa,c − θa,c−1 − 2θa,c−2 − 3θa,c−3 − 4θa,c−4)
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Visualization
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Construct Time penalty

Recall

1. Freeze rate: ua = WRθa = WRHaθ
2. Freeze slope: va = WSθa = WSHaθ

As we did in Shape Penalty, to extrapolate the previous time trend into
future in the horizontal direction, we also constrcu the time penalty by
applying stardization and aggregate them into quadratic penalty term:

Freeze rate

πRa = s−2Ra u
>
a ua

= θ>
[
s−2Ra H>a W>R WRHa

]
θ

= θ>KRaθ

Freeze slope

πSa = s−2Sa v
>
a va

= θ>
[
s−2Sa H>a W>S WSHa

]
θ

= θ>KSaθ

where s−2Ra , s
−2
Sa are the average (mean) squared residuals of freeze rate and

freeze slope for each (age, method) combination respectively.
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Weighting

Note that there are actually 90 penalty terms in total, including 30 Shape
Penalty terms, 30 Freeze Rate Penalty terms and 30 Freeze Slope
Penalty terms.

Since the residuals on which we base the penalties are not mutually
independent, we need to assign non-unit weights to each term to better
modify our prior distribution. We first assume the covariance matrix K to
be constructed as:

K =
90∑
j=1

wjKj

where Kj ∈ RCA×CA, are penalty matrices.
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Weighting

Theorem

Using notations, condition on θ is restricted to the column space of K ,
and given weights, we can calculate expectation of πj based on the trace
of multiplication of corresponding matrices and K , which is

E ∗ (πj | w) = trace
(

KjK
†
)
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Attributing procedure

Recall

1.targetj = 27, j = 1, · · · , 30
2.targetj = 30, j = 31, · · · , 90

Initialize all weights at unity: w1 = w2 = · · · = w90 = 1;

Calculate K =
∑

wjKj , and its generalized inverse K†;

Calculate E ∗ (πj | w) = trace
(
KjK

†), for all j = 1 . . . 90;

Update weights as wnew
j = wj ·

E∗(πj |w)
targetj

, j = 1 . . . 90;

Stop if converged; otherwise return to Step 1.
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Final posterior expression

Finally, after calculating the K matrix for prior distribution, we can write
the expression for posterior distribution based on the formula:

lnP(θ | y) = const− 1

2
(y − Vθ)>Ψ−1(y − Vθ)− 1

2
θ>Kθ

And through the procedure of maximizing the posterior distribution, we
can get the optimal µpost and Σpost , it suggests that:

θ | y ∼ N

{
µpost =

[
V>Ψ−1V + K

]−1 [
V>Ψ−1y

]
Σpost =

[
V>Ψ−1V + K

]−1
}

which is our final result.
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An example for Singapore cohort fertility
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Proof

Penalty Terms

Why expected value of shape penalty, freeze-rate penalty and freeze-slope
penalty equal to 27, 30 and 30 respectively? (As in table 1)

Pf: 1) Shape Penalty
According to the paper, X is the first three principal components of
historical array Φ ∈ RA×S , where S is the number of historical complete
cohorts in 1900 to 1949, i.e.

Denote Φ = UDV>, X = U(:, 1 : 3) ∈ RA×3

Then we consider the residual vector between θc and θc ṡ linear projection
on X ’s column space (c = 1, · · · ,S), ie.

εc =

[
IA − X

(
X>X

)−1
X>
]
θc , Mθc
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Proof

Note that M
(

= IA − X
(
X>X

)−1
X>
)

is an idempotent matrix, therefore,

rank(M) = trace(M)

= A− trace

(
X
(

X>X
)−1

X>
)

= A− trace

((
X>X

)−1
X>X

)
= A− 3

Still, according to the paper, Ω̄ = 1
S

∑S
c=1 εcε

>
c is covariance matrix for

complete cohorts between 1900-1949, then,

1

S

S∑
c=1

ε>c Ω̄†εc =
1

S
trace

(
Ω̄†

S∑
c=1

εcε
>
c

)
= trace

(
Ω̄†Ω̄

)
= rank(M)

= A− 3
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Proof

2) Freeze-rate Penalty

1

A

A∑
a=1

s−2Ra
u>a ua =

1

A

A∑
a=1

(∑S
c=1 u

2
a,c

S2
Ra

)

=
1

A

A∑
a=1

S

= S

3) Freeze-slope Penalty

Similarly,

1

A

A∑
a=1

s−2sa v>a va = S
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Proof

To conclude, by designing prior above, during forecasting procedure, we
believe they generate from
for shape penalty,

εc ∼ N(0, Ω̄)

for freeze rate penalty,

ua ∼ N

(
0,

(
s2R1

. . . s2Ra

))

for freeze rate penalty,

va ∼ N

0,

 s2S1
. . .

s2SA



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Proof

Hence, when a = 1, · · · , 30(15, · · · , 44),C = 1, · · · , 30(1966, · · · , 1995),
we have

E [πc | history ] = A− 3 = 27

E [πRa | history ] = C = 30

E [πsa | history ] = C = 30
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